The Grad method is generalized based on the Bogolyubov idea of the functional hypothesis for states at the end of relaxation processes in a system. The Grad problem (i.e., description of the Maxwell relaxation) for a completely ionized spatially uniform two-component electron-ion plasma is investigated using the Landau kinetic equation. The component distribution functions and time evolution equations for parameters describing the state of a system are calculated, and corrections are obtained to the known results in a perturbation theory in a small electron-to-ion mass ratio.
Introduction
This paper is devoted to a generalization of the Grad method [1, 2] in the physics of plasma. Although the Grad method was proposed by Grad in 1949 , that method and its modifications are still widely used in modern statistical physics, for example, in the theory of granular materials [3, 4] , in the investigation of relativistic hydrodynamics [5] , in the investigations of the shock wave structure [6] , in the physics of plasma [7, 8] , etc. In this paper we concentrate on the 13-moment Grad approximation. This approximation describes the formation of dissipative hydrodynamic fluxes (the Maxwell relaxation), and thus it is very important and popular.
Within the framework of the 13-moment Grad approximation, the reduced description parameters (RDPs) (i.e., parameters describing the state of a system) are the component particle densities n a , component velocities υ an , component temperatures T a , component traceless momentum fluxes π o anl and component energy fluxes q o an taken in the reference frame which accompanies the a-th component (a = e, i is the component subscript). Under the widely used assumption [1, 2, 7] , within the framework of the 13-moment approximation, the component distribution functions (CDFs) are as follows:
where h nlp ≡ p n p l − p 2 δ nl /3, ε ap ≡ p 2 /2m a and are the local equilibrium CDFs. In what follows, we will use the term "standard result" for the expression (1.1). The CDFs (1.1) are the product of CDFs f L ap and some combination of fluxes which can be obtained based on the truncated Hermite polynomial expansion [1, 2] and the additional conditions, which are the definitions of the RDPs in terms of the CDFs. In usual hydrodynamic states, the fluxes π o anl , q o an are values of the first order in the gradients of hydrodynamic variables, and (1.1) shows that f L ap gives a zero order contribution in gradients to the non-equilibrium CDFs f ap . This result expresses the local equilibrium assumption, which is widely used in the literature (see, for example, the discussion of the temperature and velocity relaxation in a completely ionized plasma [9, 10] , the discussion of temperature relaxation in an electron-phonon system [11] , etc.). However, in some works [12] [13] [14] [15] , a violation of the local equilibrium assumption in spatially uniform systems is discussed. In our paper [16] it is also stressed that the CDFs f L ap are not exact solutions of the kinetic equation, and corrections to them in a perturbation theory in a small parameter
are obtained. Thus, we expect to obtain corrections to the expression (1.1) in the same perturbation theory.
As known [17] , a drawback of the Grad method is the lack of a small parameter, which does not allow one to obtain the CDFs from the kinetic equation and that is why the CDFs are postulated. In the considered problem, within the framework of the standard Grad method, the CDFs are postulated in the form (1.1). In our paper [16] , a system is investigated in the vicinity of its equilibrium state, and the deviations of the RDPs from their equilibrium values are considered to be small. This yields an additional small parameter, which allows one to calculate the non-equilibrium CDFs from the kinetic equation.
The use of such a small parameter that describes the deviation of states of a system from some classes of non-equilibrium states is the main feature of our approach to the theory of relaxation processes that can be observed in spatially uniform systems and can be taken into account in the theory of nonuniform systems as well [18] [19] [20] . In other words, this is an approach to the investigation of the effect of kinetic modes of a system on its evolution. This important problem is widely discussed in the literature without the presence of a small parameter in the constructed theory (see, for example, [21] ).
The idea of the present paper is similar to that of the work [16] devoted to the temperature and velocity relaxation in plasma, but here the Maxwell relaxation is taken into account too. The aim of the paper is to obtain the CDFs of the plasma based on the Landau kinetic equation and to obtain corrections to a standard result (1.1) following the Grad theory. The time evolution equations for the RDPs are also obtained. In the present paper, the developed theory is restricted by a linear approximation but it can describe nonlinear relaxation processes (see paper [20] where a quadratic relaxation is discussed).
It should be noted that this paper is based on the Landau kinetic equation which can be obtained using the Bogolyubov reduced description method based on the functional hypothesis that states: at times which are much longer than the collision time, the many-particle distributions functions depend on time through the one-particle distribution function. Such a theory is valid if the gas under consideration is rarefied, and it adequately describes a completely ionized plasma. In the case of dense gases and liquids, other approaches should be used. For example, a reduced description of a system by the one-particle distribution function and the densities of hydrodynamic quantities is discussed in [22] . Some other peculiarities should be taken into account for quantum systems (see, for example, [23, 24] ). In fact, the main trend of the modern theory of nonequilibrium processes is an extension of the set of reduced description parameters. The 13-moment Grad problem discussed herein is concerned with this trend using the energy and momentum fluxes in hydrodynamics as additional independent variables. The paper is organized as follows. In section 2, the basic equations of the theory are presented, and in section 3, the CDFs and time evolution equations for the RDPs are calculated within the framework of a linear relaxation theory.
Basic equations of the theory
The paper is based on the Landau kinetic equation which in the spatially uniform case is of the form
1)
where f ap are the CDFs, I ap is the Landau collision integral, e a is the component charge (e e = −e, e i = ze, e is the elementary electric charge, z is the ion charge number) and L is the Coulomb logarithm. Standard definitions of the RDPs in terms of the CDFs are [2]
2)
The equilibrium temperature T and velocity υ n of the system are also introduced by standard definitions:
In what follows we use the reference frame where υ n = 0 and the electroneutrality condition n e = zn i . Let us introduce the deviations of the electron temperature and velocity from their equilibrium values:
As shown [16] ,
where
Formulae (2.5), (2.6) express the component temperatures and velocities in terms of the deviations τ, u n and equilibrium quantities. Thus, the following set of the reduced description parameters can be chosen:
The developed theory is based on the Bogolyubov idea of the functional hypothesis (see a review in [25] ), which can be written in the form:
where f ap (ξ) is a function of the variables ξ α , τ 0 is some characteristic time which is much shorter than the shortest relaxation time of the RDPs. According to (2.8), the Landau kinetic equation (2.1) can be rewritten as an equation for the CDFs f ap (ξ)
Here, the time evolution equation for the RDPs is used in the form
where the function L α ( f ) is given by the definition of the RDPs and the kinetic equation.
In the present paper, we consider the system to be in the vicinity of its equilibrium state. All the RDPs ξ α vanish in the equilibrium state and we consider them to be small and estimate them by one small parameter µ for simplicity. This parameter is introduced based on the dimensional estimates
The presence of this small parameter allows us to calculate the CDFs f ap (ξ) and the right-hand side L a f (ξ) of the time evolution equations for the RDPs from the kinetic equation (2.9) in a perturbation theory in the small parameter µ. In this investigation, the definitions of the RDPs in terms of CDFs f ap (ξ) (additional conditions to equation (2.9)) must be used. In such a way, in the present paper, the Maxwell relaxation theory is built based on the Bogolyubov reduced description method. Obviously, in the leading approximation, we obtain the Maxwell CDFs, and the RDPs are constant ones:
Here and in what follows, the subscript in parentheses denotes the order in µ:
Although in this paper we restrict ourselves to a linear relaxation theory, i.e., to a theory linear in the small parameter µ, our method gives one an opportunity to obtain f ap (ξ) and L α ( f ) in higher orders in µ [20] .
Calculation of the component distribution functions and time evolution equations for reduced description parameters
This section is devoted to the calculation of the CDFs within the framework of a linear relaxation theory. In the first order in µ, due to the rotational invariance, the CDFs are of the form ap are some unknown functions which should be calculated. Based on (2.9) and (3.1) it can be shown that the RDP time evolution equations (2.10) in the first order in µ are of the form
where the relaxation constants can be written as:
Here, the integral brackets {g, h} ab and the operator of the linearized collision integralK ab are introduced:
An explicit expression for the operator of the linearized collision integral can be obtained from (2.1) and its definition (3.4): 
There are additional conditions to the integral equations in (3.6):
following from the definitions of the RDPs (here, for an arbitrary function h p , the notation h p a ≡ ∫ d 3 p w ap h p is used). Equations (3.6) show that the functions A τ ap , A ap and A u ap are sought for in a σ perturbation theory and expansion in the Sonine polynomials:
here and in what follows, the superscript in brackets denotes the order in σ). The orthogonal Sonine polynomials are defined by the formula:
and satisfy the orthogonality condition
Such a choice of polynomials in (3.8) takes into account the fact that the functions S α s (βε ap ) are orthogonal with the weight ε α ap w ap and the first few coefficients of polynomial expansions (3.8) can be obtained from the additional conditions (3.7):
= β 2 2n e m e δ eb δ n,0 , g
It is easy to see that a standard result (1.1) is completely given by expressions (3.11). Other contributions to (3.8) give our corrections to (1.1) in the form of a series in σ. Therefore, the relaxation constants (3.3) are also expanded into a series in σ.
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In what follows, the CDFs (3.1) and coefficients in the time evolution equations for the RDPs (3.2) are sought for in a σ perturbation theory based on (3.6), (3.8), (3.11 ). This procedure is described in detail in [16] (moreover, the equation for A τ ap was solved in [16] ). Then, for simplicity, in each order in σ, the results for the CDFs are found in the one-polynomial approximation, which yields: 12) where the estimates of the type O (σ n ) are the priori ones. The numerical data for the coefficients in (3.12) are given in table 1 for z = 1, 2, 3, 4. The leading-in-σ terms for
ip , A τ ap coincide with the standard result (1.1), but our results (3.12) give corrections in higher orders in σ to (1.1). Although
ip are not equal to zero in contrast to (1.1), and the electron distribution function depends on the ion energy and the momentum fluxes and vice versa.
Based on (3.2), (3.3) and (3.12), the following results for the RDP time evolution equations in the leading and next-to-leading orders in σ are obtained:
T τ,
q e q e = 2 8 + 13
q e u = (3 − 2z)
q e q e = − 11 15) where Λ ≡ n i e 4 L(π/m e T) 1/2 . The leading-in-σ contributions to the RDP time evolution equations (3.14), (3.15) are completely defined by the standard CDFs (1.1), and in the cases known in the literature they coincide with the known results (see [9, 16] ).
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As for the next-to-leading terms in (3.14), (3.15), we have the following. The quantities λ [2] q i q i , λ [2] π i π i , λ [2] π i π e are completely defined by a standard result (1.1), and the time evolution equations for q o in and π o inl in the leading and next-to-leading terms in σ are completely defined by (1.1). However, the other time evolution equations are not completely defined by (1.1). In the right-hand sides of the expressions for λ [2] uu , λ [2] uq e , λ [2] uq i , λ [2] q e u , λ [2] q e q e , λ [2] π e π e , λ [2] π e π i , λ [4] T , the first terms come from the standard CDFs (1.1), but the second terms come from our corrections (3.12) . A comparison of these terms is given in table 2. Thus, our corrections have a significant effect on the next-to-leading terms in the RDP time evolution equations. These next-to-leading terms coincide with the known results in the cases known in the literature (see [10, 16] ). Table 2 . Comparison of the magnitudes of the terms which come from our corrections λ and the terms which come from (1.1) λ .
Quantity
Comparison
π e π e > λ
uu > λ [2] uu for z = 1, 2, 3 λ
uq e > λ [2] uq e for z = 1, 2, 3 λ
q e u > λ [2] q e u for z = 1, 2, 3, 4, 5 λ [2] q e q e λ [2] q e q e > λ [2] q e q e for z = 1, 2, 3, 4 λ
q e q i < λ [2] q e q i but they are comparable λ [2] π e π i λ [2] π e π i < λ [2] π e π i but they are comparable It is interesting to note that numerically for z = 1 (for example, in the case of electron-proton plasma) our corrections to the time evolution equations are most significant for (∂ t u n ) (1) and (∂ t q o en ) (1) . Namely, although for this plasma σ 2 = 5.5 · 10 −4 we have 
Conclusions
This paper is devoted to a generalization of the 13-moment Grad approximation for a spatially uniform completely ionized two-component electron-ion plasma that describes the Maxwell relaxation. The investigation is based on the Landau kinetic equation and our generalization of the Chapman-Enskog method [18] with the help of the Bogolyubov idea of the functional hypothesis, which is the main idea of his method of a reduced description.
The system is considered to be in the vicinity of its equilibrium state where the deviations of the reduced description parameters from their equilibrium values are small. This introduces a small parameter µ which allows us to calculate the component non-equilibrium distribution functions of a system and obtain time evolution equations for the reduced description parameters in a corresponding perturbation theory. In contrast to the standard Grad method, our small parameter µ allows us to obtain the CDFs based on the kinetic equation.
In the present paper, the investigation is restricted to a relaxation theory linear in µ for spatially uniform states. However, our approach allows one to investigate a nonlinear relaxation in non-uniform systems [18] [19] [20] .
Our results for the component distribution functions are compared with the standard results of the Grad method in plasma physics [2] given by expression (1.1). We first calculated the component distribution functions in a perturbation theory in the small square root of the electron-to-ion mass ratio σ. Then, in each order in σ, we restricted ourselves to the Sonine one-polynomial approximation for simplicity. It is obtained that the leading-in-σ results for the component distribution functions coincide with the standard result (1.1), but corrections to it in higher orders in σ are obtained. Moreover, it is obtained that in contrast to (1.1), the electron distribution function depends on the ion energy and momentum fluxes and vice versa, although this dependence takes place in higher-than-leading orders in σ.
Time evolution equations for the reduced description parameters are also calculated. They are obtained in the leading-in-σ and next-to-leading orders. It is obtained that their leading-in-σ terms are completely defined by the standard CDFs (1.1). The next-to-leading terms in the time evolution equations for the ion fluxes q o in and π o inl are completely defined by (1.1), but our corrections to the component distribution functions have a significant effect on the next-to-leading terms in the time evolution equations for the deviations τ, u n of the temperatures, velocities and electron fluxes q o en , π o enl . The Grad method is widely used in modern statistical physics and the idea of the paper may be applied to its generalization not only for plasma, but also for other systems. Moreover, the obtained results may be the basis for the investigation of spatially non-uniform states of plasma because they are the results of the leading order in small gradients.
